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Abstract
In this note we obtain local derivative estimates of Shi-type for the heat
equation coupled to the Ricci flow. As applications, in part combining with
Kuang’s work, we extend some results of Zhang and Bamler-Zhang includ-
ing distance distortion estimates and a backward pseudolocality theorem for
Ricci flow on compact manifolds to the noncompact case.
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1 Introduction
The Bernstein method is a strategy for obtaining derivative estimates for a solution
to some PDE via applying the maximum principle to some partial differential
inequality satisfying by a suitable combination of the solution and its derivatives. It
is very useful in PDE and geometric analysis. In [B87]/[S89] Bando / Shi adapted
this method to obtain global/local derivative estimates for the Ricci flow. Shi’s
local derivative estimates are fundamental for the study of the Ricci flow. For
expositions and/or alternative proofs of Shi’s local derivative estimates see for
example, Hamilton [H95], Cao-Zhu [CZ], Chow-Lu-Ni [CLN], Chow et al [C+]
and Tao [T]. With bounds on some derivatives of curvatures of the initial metrics
Lu (see [LT] and [C+]) got a modified version of Shi’s local derivative estimates.
Ecker-Huisken [EH] got Shi-type estimates for the mean curvature flow. Grayson-
Hamilton [GH] derived Shi-type estimates for the harmonic map heat flow. For the
heat equation on a Riemannian manifold, Kotschwar [K] obtained a Shi-type local
gradient estimate, while the author [Hu] obtained local higher derivative estimates.
Recently the Shi-type estimates are also derived for some other geometric evolution
equations. See for example [LW] and [Ch].
In his lectures at Tsinghua University in 2012/13, Hamilton constructed a new
comparison function, which is related to Lemma 8.3 in Perelman [P], and used it
to simplify Shi’s proof of the local derivative estimates for the Ricci flow. In this
note we use Hamilton’s comparison function to obtain local derivative estimates of
Shi-type for the heat equation coupled to the Ricci flow. To state our results we
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first introduce some notations. Fix T > 0. Let (M, (g(t))t∈[0,T ]) be a solution (not
necessarily complete) to Hamilton’s Ricci flow
∂g(t)
∂t
= −2Ric(g(t))
on a manifold M (without boundary) of dimension n. For x ∈ M , t ∈ [0, T ] and
r > 0, let B(x, t, r) be the open metric ball with center x and of radius r w.r.t.
the metric g(t), and for T ′ ∈ (0, T ], let PBr(x, T ′) denote a parabolic ball (as
called in [H13]) that is the set of all points (x′, t) with x′ ∈ B(x, t, r) (the closure
of B(x, t, r)) and t ∈ [0, T ′]. For any points x, y ∈ M let dt(x, y) be the distance
between x and y w.r.t. g(t).
We have the following gradient estimate.
Theorem 1.1. Fix T > 0. Let (M, (g(t))t∈[0,T ]) be a solution (not necessarily
complete) to the Ricci flow on a manifold M (without boundary) of dimension n.
Fix x0 ∈ M and r > 0. Assume that for any t ∈ [0, T ] the closure of the open
metric ball B(x0, t, r) is compact, and Ric ≤ n−1r2 on the parabolic ball PBr(x0, T ).
Let u be a smooth solution to the heat equation (∂t − ∆g(t))u = 0 coupled to the
Ricci flow on M × [0, T ]. Suppose |u| ≤ a on PBr(x0, T ), where a is a positive
constant. Then
|∇u| ≤ C1a(1
r
+
1√
t
) on PB r
2
(x0, T ) \ {(x, 0)|x ∈M},
where the constant C1 depends only on the dimension.
Compare Theorem 2.2 in Bailesteanu-Cao-Pulemotov [BCP], where a two-sided
bound on the Ricci curvature is assumed. See also Exercise 2.19 in Chow-Lu-Ni
[CLN] for a related global estimate.
We also get a Hessian estimate.
Theorem 1.2. Fix T > 0. Let M be a manifold (without boundary) of dimension
n. Fix x0 ∈M and r > 0. Suppose g(t) is a solution (not necessarily complete) to
the Ricci flow on M × [0, T ]. Assume that for any t ∈ [0, T ] the closure of the open
metric ball B(x0, t, r) is compact, and |Rm| ≤ 1r2 on the parabolic ball PBr(x0, T ).
Let u be a smooth solution to the heat equation (∂t − ∆g(t))u = 0 coupled to the
Ricci flow on M × [0, T ]. Suppose |u| ≤ a on PBr(x0, T ), where a is a positive
constant. Then
|∇2u| ≤ C2a( 1
r2
+
1
t
) on PB r
4
(x0, T ) \ {(x, 0)|x ∈M},
where the constant C2 depends only on the dimension.
Compare Theorem 1.3 (b) in Han-Zhang [HZ], where an upper bound for the
Hessian matrix of u is obtained at points with certain distances away from the
parabolic boundary.
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In Section 2 we prove Theorems 1.1 and 1.2, and derive similar estimates for
higher derivatives. In Section 3 we extend some derivative estimates in Zhang
[Z06], Cao-Hamilton [CH] and Bamler-Zhang [BZ] on compact manifolds to the
noncompact case using Theorems 1.1 and 1.2. In Section 4 we get a slight improve-
ment of some results in Kuang [Ku1] and [Ku2], and point out that combining this
and results in Section 3 one can extend some results in Zhang [Z12a] and Bamler-
Zhang [BZ] including distance distortion estimates and a backward pseudolocality
theorem for Ricci flow on compact manifolds to certain noncompact manifolds.
2 Shi-type estimates
Fix T > 0. Let (M, (g(t))t∈[0,T ]) be a solution (not necessarily complete) to the
Ricci flow on a manifoldM (without boundary) of dimension n. Let u be a smooth
solution to the heat equation (∂t − ∆g(t))u = 0 coupled to the Ricci flow. Recall
that (compare for example [CLN] and [To])
(∂t −∆)|∇u|2 = −2|∇2u|2, (2.1)
(∂t −∆)∇2u = Rm ∗ ∇2u,
(∂t −∆)|∇2u|2 = −2|∇3u|2 +Rm ∗ ∇2u ∗ ∇2u, (2.2)
(∂t −∆)∇ku =
k−2∑
i=0
∇iRm ∗ ∇k−iu, k ≥ 2,
and
(∂t −∆)|∇ku|2 = −2|∇k+1u|2 +
k−2∑
i=0
∇iRm ∗ ∇k−iu ∗ ∇ku, k ≥ 2, (2.3)
where, as usual, for tensors A and B, A ∗ B denotes a linear combination of con-
tractions of the tensor product A⊗ B.
Proof of Theorem 1.1
Let G1 = (A1a
2 + u2)|∇u|2, where A1 is a positive constant to be chosen de-
pending only on the dimension. Using (2.1) we get
(∂t −∆)G1 = −2(A1a2 + u2)|∇2u|2 − 2|∇u|4 + u∇u ∗ ∇u ∗ ∇2u.
On PBr(x0, T ), using our assumption we have
|u∇u ∗ ∇u ∗ ∇2u| ≤ Ca|∇u|2|∇2u|,
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where C is a constant depending only on the dimension, so
|u∇u ∗ ∇u ∗ ∇2u| ≤ A1a2|∇2u|2 + |∇u|4
for A1 ≥ 14C2, and
(∂t −∆)G1 ≤ −|∇u|4.
Choose b1 =
1
(A1+1)2a4
, and let F1 = b1G1. Then
(∂t −∆)F1 ≤ −F 21 .
Since Ric ≤ n−1
r2
on PBr(x0, T ), as in Hamilton [H13], we can construct a
function Ψ1 on {(x, t)|x ∈ B(x0, t, r), t ∈ [0, T ]} of the form
Ψ1 =
α1r
2
(r2 − dt(x, x0)2)2
(where α1 is a positive constant depending only on the dimension) satisfying
(∂t −∆)Ψ1 ≥ −Ψ21
everywhere on {(x, t)|x ∈ B(x0, t, r), t ∈ [0, T ]} in the constructive comparison
sense. Let
Φ1 = Ψ1 +
1
t
=
α1r
2
(r2 − dt(x, x0)2)2 +
1
t
on {(x, t)|x ∈ B(x0, t, r), t ∈ (0, T ]}. Then
(∂t −∆)Φ1 ≥ −Φ21
everywhere on {(x, t)|x ∈ B(x0, t, r), t ∈ (0, T ]} in the constructive comparison
sense.
Note that near the parabolic boundary of PBr(x0, T ) we have F1 < Φ1.
Using the maximum principle we get that F1 ≤ Φ1 everywhere on {(x, t)|x ∈
B(x0, t, r), t ∈ (0, T ]}, and in particular,
b1A1a
2|∇u|2 ≤ α1r
2
(r2 − dt(x, x0)2)2 +
1
t
.
On PB r
2
(x0, T ) \ {(x, 0)|x ∈ M} we have dt(x, x0) ≤ r2 and r2 − dt(x, x0)2 ≥ 34r2,
and the result follows by our choice of b1. ✷
Remark In the statement of Theorem 1.1, if we assume in addition |∇u| ≤ a
r
at t = 0 in B(x0, 0, r), then we have |∇u| ≤ C1 ar on PB r2 (x0, T ), because in this
case we can choose Ψ1 instead of Φ1 as the (space-time) comparison function.
Proof of Theorem 1.2
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On PBr(x0, T ), using (2.2) and our assumption, we have
(∂t −∆)|∇2u|2 ≤ −2|∇3u|2 + C
r2
|∇2u|2,
where C depends only on the dimension.
Let
G2 = (A2a
2(
1
r2
+
1
t
) + |∇u|2)|∇2u|2,
where A2 is a positive constant to be chosen depending only on the dimension. We
have
(∂t −∆)G2
≤− A2a
2
t2
|∇2u|2 − 2|∇2u|4 + (A2a2( 1
r2
+
1
t
) + |∇u|2)(−2|∇3u|2 + C
r2
|∇2u|2)
+ C|∇u||∇2u|2|∇3u|.
On PB r
2
(x0, T ) \ {(x, 0)|x ∈M} we have
|∇u| ≤ C1a(1
r
+
1√
t
)
by Theorem 1.1, so
(A2a
2(
1
r2
+
1
t
) + |∇u|2)C
r2
|∇2u|2 ≤ 1
2
|∇2u|4 + C2(A2 + 2C21 )2a4
1
r4
(
1
r2
+
1
t
)2,
and
C|∇u||∇2u|2|∇3u| ≤ 1
2
|∇2u|4 + A2a2( 1
r2
+
1
t
)|∇3u|2
by choosing A2 ≥ C2C21 .
Then
(∂t −∆)G2
≤− |∇2u|4 + C2(A2 + 2C21)2a4
1
r4
(
1
r2
+
1
t
)2
≤− G
2
2
(A2 + 2C21)
2a4( 1
r2
+ 1
t
)2
+ C2(A2 + 2C
2
1)
2a4
1
r4
(
1
r2
+
1
t
)2.
Let v = 1
r2
+ 1
t
and F2 =
b2G2
v
(compare the proof of Theorem 1.4.2 in [CZ]),
where b2 is a positive constant to be chosen later. We have
(∂t −∆)F2
≤− F
2
2
b2(A2 + 2C
2
1)
2a4v
+ b2C
2(A2 + 2C
2
1)
2a4
v
r4
+ F2
1
vt2
≤− F
2
2
b2(A2 + 2C21)
2a4v
+ b2C
2(A2 + 2C
2
1)
2a4v3 + F2v
≤− F
2
2
2b2(A2 + 2C21 )
2a4v
+ b2(A2 + 2C
2
1)
2a4(
1
2
+ C2)v3,
5
where in the last inequality we use
F2v ≤ F
2
2
2b2(A2 + 2C
2
1)
2a4v
+
b2
2
(A2 + 2C
2
1)
2a4v3.
Choose b2 = ((A2 + 2C
2
1)
2a4(2 + C2))−1. Then we have
(∂t −∆)F2 ≤ −F
2
2
v
+ v3.
Write s = s(x, t) = dt(x, x0), and let
Ψ2(s) =
α2r
2
( r
2
4
− s2)2
on {(x, t)|x ∈ B(x0, t, r2), t ∈ [0, T ]}. Again as in [H13] we can choose positive
constant α2 depending only on the dimension such that
(∂t −∆)Ψ2 ≥ −Ψ22
everywhere on {(x, t)|x ∈ B(x0, t, r2), t ∈ [0, T ]} in the constructive comparison
sense. Let
Φ2 = βΨ
2
2 + γ
1
t2
= β
α22r
4
( r
2
4
− s2)4 + γ
1
t2
on {(x, t)|x ∈ B(x0, t, r2), t ∈ (0, T ]}, where β and γ are positive constants to be
chosen later. We have
(∂t −∆)Φ2
=2βΨ2(∂t −∆)Ψ2 − 2γ
t3
− 2β|∇Ψ2|2
≥− 2βΨ32 −
2γ
t3
− 2βΨ′2(s)2.
We will choose constants β and γ such that
−2βΨ32 −
2γ
t3
− 2βΨ′2(s)2 ≥ −
Φ22
v
+ v3
that is,
Φ22 ≥ 2β(Ψ32 +Ψ′2(s)2)v +
2γv
t3
+ v4.
On {(x, t)|x ∈ B(x0, t, r2), t ∈ (0, T ]} we have s2 < r
2
4
, and
Ψ′2(s)
2 =
16α22r
4s2
( r
2
4
− s2)6 <
4α22r
6
( r
2
4
− s2)6 ,
so it suffices to have
β2α42
r8
( r
2
4
− s2)8 +
γ2
t4
≥ 2β(α32 + 4α22)
r6
( r
2
4
− s2)6v +
2γ
t3
v + v4.
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Note that
v4 ≤ 8( 1
r8
+
1
t4
).
Using the Young inequality
y3z ≤ 3
4
(y3)
4
3 +
1
4
z4 =
3
4
y4 +
1
4
z4
for y, z ∈ R, we get
2β(α32 + 4α
2
2)
r6
( r
2
4
− s2)6
1
t
≤ 3
4
(2β(α32 + 4α
2
2))
4
3
r8
( r
2
4
− s2)8 +
1
4t4
,
and
1
t3
1
r2
≤ 3
4t4
+
1
4r8
.
We also have
r6
( r
2
4
− s2)6
1
r2
≤ r
8
16( r
2
4
− s2)8
and
1
r8
≤ r
8
48( r
2
4
− s2)8 .
First choose γ > 0 such that
γ2 ≥ 7γ
2
+
33
4
.
Then choose β > 0 depending only on the dimension such that
β2α42 ≥
3
4
(2β(α32 + 4α
2
2))
4
3 +
1
8
β(α32 + 4α
2
2) +
1
48
(
γ
2
+ 8).
With β and γ chosen this way we have
(∂t −∆)Φ2 ≥ −Φ
2
2
v
+ v3
everywhere on {(x, t)|x ∈ B(x0, t, r2), t ∈ (0, T ]} in the constructive comparison
sense.
Note that near the parabolic boundary of PB r
2
(x0, T ) we have F2 < Φ2.
Using the maximum principle we get that F2 ≤ Φ2 everywhere on {(x, t)|x ∈
B(x0, t,
r
2
), t ∈ (0, T ]}, and in particular,
b2A2a
2|∇2u|2 ≤ β α
2
2r
4
( r
2
4
− s2)4 + γ
1
t2
.
On PB r
4
(x0, T ) \ {(x, 0)|x ∈M} we have s ≤ r4 and r
2
4
− s2 ≥ 3
16
r2, and the result
follows by our choice of b2. ✷
Remark In the statement of Theorem 1.2, if we assume in addition |∇u| ≤ a
r
and |∇2u| ≤ a
r2
at t = 0 in B(x0, 0, r), then we have |∇2u| ≤ C2 ar2 on PB r4 (x0, T ),
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because in this case we can choose βΨ22 instead of Φ2 as the (space-time) comparison
function.
Similar to Theorems 1.1 and 1.2 we have
Theorem 2.1. Fix T > 0. Let M be a manifold (without boundary) of dimension
n. Fix x0 ∈M and r > 0. Suppose g(t) is a solution (not necessarily complete) to
the Ricci flow on M × [0, T ]. Assume that for any t ∈ [0, T ] the closure of the open
metric ball B(x0, t, r) is compact, and |Rm| ≤ 1r2 on the parabolic ball PBr(x0, T ).
Let u be a smooth solution to the heat equation (∂t − ∆g(t))u = 0 coupled to the
Ricci flow on M × [0, T ]. Suppose |u| ≤ a on PBr(x0, T ), where a is a positive
constant. Then for any k ≥ 2,
|∇ku| ≤ Cka( 1
rk
+
1
tk/2
) on PB r
2k
(x0, T ) \ {(x, 0)|x ∈M},
where the constant Ck depends only on k and the dimension.
Proof The proof is by induction. On PB r
2
(x0, T ) \ {(x, 0)|x ∈M} we have
|∇u| ≤ C1a(1
r
+
1√
t
)
by Theorem 1.1. For k = 2, the result is exactly Theorem 1.2. Suppose on
PB r
2i
(x0, T ) \ {(x, 0)|x ∈M} (2 ≤ i ≤ k) we have
|∇iu| ≤ Cia( 1
ri
+
1
ti/2
),
where Ci depends only on i and the dimension. Let
Gk+1 = (Ak+1a
2(
1
r2k
+
1
tk
) + |∇ku|2)|∇k+1u|2,
where Ak+1 > 1 is a constant to be chosen depending only on k and the dimension.
Using (2.3) we have
(∂t −∆)Gk+1
=(−Ak+1a
2k
tk+1
− 2|∇k+1u|2 +
k−2∑
i=0
∇iRm ∗ ∇k−iu ∗ ∇ku)|∇k+1u|2
+ (Ak+1a
2(
1
r2k
+
1
tk
) + |∇ku|2)(−2|∇k+2u|2 +
k−1∑
i=0
∇iRm ∗ ∇k+1−iu ∗ ∇k+1u)
+∇ku ∗ ∇k+1u ∗ ∇k+1u ∗ ∇k+2u.
Since |Rm| ≤ 1
r2
on PBr(x0, T ) by assumption, we have
|∇iRm| ≤ C ′i
1
r2
(
1
ri
+
1
ti/2
)
8
on PB r
2i
(x0, T ) \ {(x, 0)|x ∈M} (1 ≤ i ≤ k− 1) by Shi’s local derivative estimates
(actually the version of Shi estimates that we need is in [H13], where only the
details for the gradient estimate are given, but the higher derivative estimates can
be obtained similarly to that of our Theorem 2.1), where C ′i depends only on i and
the dimension.
Below we will use C to denote various constants depending only on k and the
dimension, which may be different from line to line. On PB r
2k
(x0, T ) \ {(x, 0)|x ∈
M}, we have
|
k−2∑
i=0
∇iRm ∗ ∇k−iu ∗ ∇ku| ≤ Ca
2
r2
(
1
r2k
+
1
tk
),
|
k−2∑
i=0
∇iRm ∗ ∇k−iu ∗ ∇ku||∇k+1u|2 ≤ 1
3
|∇k+1u|4 + Ca
4
r4
(
1
r2k
+
1
tk
)2,
|
k−1∑
i=0
∇iRm ∗ ∇k+1−iu ∗ ∇k+1u| ≤ C( 1
r2
|∇k+1u|2 + a
2
r2
(
1
r2(k+1)
+
1
tk+1
)),
|(Ak+1a2( 1
r2k
+
1
tk
) + |∇ku|2)
k−1∑
i=0
∇iRm ∗ ∇k+1−iu ∗ ∇k+1u|
≤1
3
|∇k+1u|4 + C(Ak+1 + 2C2k)2
a4
r4
(
1
r2k
+
1
tk
)2
+ C(Ak+1 + 2C
2
k)
a4
r2
(
1
r2k
+
1
tk
)(
1
r2(k+1)
+
1
tk+1
),
and
|∇ku ∗ ∇k+1u ∗ ∇k+1u ∗ ∇k+2u| ≤ 1
3
|∇k+1u|4 + Ak+1a2( 1
r2k
+
1
tk
)|∇k+2u|2
by choosing Ak+1 sufficiently large (compared to C
2
k).
So
(∂t −∆)Gk+1
≤− |∇k+1u|4 + C(Ak+1 + 2C2k)2
a4
r4
(
1
r2k
+
1
tk
)2
+ C(Ak+1 + 2C
2
k)
a4
r2
(
1
r2k
+
1
tk
)(
1
r2(k+1)
+
1
tk+1
)
≤− |∇k+1u|4 + C(Ak+1 + 2C2k)2
a4
r4
(
1
r4k
+
1
t2k
)
+ C(Ak+1 + 2C
2
k)
a4
r2
(
1
r2(2k+1)
+
1
t2k+1
)
≤− |∇k+1u|4 + C(Ak+1 + 2C2k)2
a4
r2
(
1
r2(2k+1)
+
1
t2k+1
)
≤− G
2
k+1
(Ak+1 + 2C
2
k)
2a4( 1
r2k
+ 1
tk
)2
+ C(Ak+1 + 2C
2
k)
2a
4
r2
(
1
r2(2k+1)
+
1
t2k+1
).
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Let v = 1
r2
+ 1
t
and Fk+1 =
bk+1Gk+1
vk
as in the proof of Theorem 1.4.2 in [CZ],
where bk+1 is a positive constant to be chosen later. Then
(∂t −∆)Fk+1
≤− F
2
k+1
bk+1(Ak+1 + 2C
2
k)
2a4vk
+ bk+1C(Ak+1 + 2C
2
k)
2a
4
r2
vk+1 + kFk+1v
≤− F
2
k+1
2bk+1(Ak+1 + 2C
2
k)
2a4vk
+ bk+1(C + 2k
2)(Ak+1 + 2C
2
k)
2a4vk+2.
Choosing bk+1 =
1
(C+2k2)(Ak+1+2C
2
k
)2a4
, we get
(∂t −∆)Fk+1 ≤ − 1
vk
F 2k+1 + v
k+2.
Write s = s(x, t) = dt(x, x0), and let
Ψk+1(s) =
αk+1r
2
( r
2
4k
− s2)2
on {(x, t)|x ∈ B(x0, t, r2k ), t ∈ [0, T ]}. Again as in [H13] we can choose constant
αk+1 > 0 depending only on the dimension and k such that
(∂t −∆)Ψk+1 ≥ −Ψ2k+1
everywhere on {(x, t)|x ∈ B(x0, t, r2k ), t ∈ [0, T ]} in the constructive comparison
sense. Let
Φk+1 = βk+1Ψ
k+1
k+1 + γk+1
1
tk+1
= βk+1
αk+1k+1r
2(k+1)
( r
2
4k
− s2)2(k+1) + γk+1
1
tk+1
on {(x, t)|x ∈ B(x0, t, r2k ), t ∈ (0, T ]}, where βk+1 and γk+1 are positive constants
to be chosen later.
We have
(∂t −∆)Φk+1
=βk+1(k + 1)Ψ
k
k+1(∂t −∆)Ψk+1 − (k + 1)
γk+1
tk+2
− k(k + 1)βk+1Ψk−1k+1|∇Ψk+1|2
≥− βk+1(k + 1)Ψk+2k+1 − (k + 1)
γk+1
tk+2
− k(k + 1)βk+1Ψk−1k+1Ψ′k+1(s)2.
We will choose constants βk+1 and γk+1 such that
− βk+1(k + 1)Ψk+2k+1 − (k + 1)
γk+1
tk+2
− k(k + 1)βk+1Ψk−1k+1Ψ′k+1(s)2
≥− Φ
2
k+1
vk
+ vk+2,
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that is,
Φ2k+1 ≥ βk+1(k + 1)(Ψk+2k+1 + kΨk−1k+1Ψ′k+1(s)2)vk + (k + 1)
γk+1v
k
tk+2
+ v2(k+1).
On {(x, t)|x ∈ B(x0, t, r2k ), t ∈ (0, T ]} we have s2 < r
2
4k
, and
Ψ′k+1(s)
2 =
16α2k+1r
4s2
( r
2
4k
− s2)6 <
α2k+1r
6
4k−2( r
2
4k
− s2)6 ,
so it suffices to have
β2k+1α
2(k+1)
k+1
r4(k+1)
( r
2
4k
− s2)4(k+1) +
γ2k+1
t2(k+1)
≥βk+1(k + 1)(αk+2k+1 +
k
4k−2
αk+1k+1)
r2(k+2)
( r
2
4k
− s2)2(k+2) v
k + (k + 1)
γk+1
tk+2
vk + v2(k+1).
Note that
vk ≤ 2k−1( 1
r2k
+
1
tk
)
and
v2(k+1) ≤ 22k+1( 1
r4(k+1)
+
1
t2(k+1)
).
Using the Young inequality
yk+2zk ≤ k + 2
2(k + 1)
(yk+2)
2(k+1)
k+2 +
k
2(k + 1)
(zk)
2(k+1)
k
=
k + 2
2(k + 1)
y2(k+1) +
k
2(k + 1)
z2(k+1)
for y, z ∈ R, we get
2k−1βk+1(k + 1)(α
k+2
k+1 +
k
4k−2
αk+1k+1)
r2(k+2)
( r
2
4k
− s2)2(k+2)
1
tk
≤ k + 2
2(k + 1)
[2k−1βk+1(k + 1)(α
k+2
k+1 +
k
4k−2
αk+1k+1)]
2(k+1)
k+2
r4(k+1)
( r
2
4k
− s2)4(k+1)
+
k
2(k + 1)
1
t2(k+1)
,
and
1
tk+2
1
r2k
≤ k + 2
2(k + 1)
1
t2(k+1)
+
k
2(k + 1)
1
r4(k+1)
.
We also have
r2(k+2)
( r
2
4k
− s2)2(k+2)
1
r2k
≤ r
4(k+1)
42k2( r
2
4k
− s2)4(k+1)
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and
1
r4(k+1)
≤ r
4(k+1)
44k(k+1)( r
2
4k
− s2)4(k+1) .
First choose γk+1 > 0 depending only on k such that
γ2k+1 ≥ 2k−1(k + 1)(1 +
k + 2
2(k + 1)
)γk+1 + 2
2k+1 +
k
2(k + 1)
.
Then choose βk+1 > 0 depending only on the dimension and k such that
β2k+1α
2(k+1)
k+1 ≥
k + 2
2(k + 1)
[2k−1βk+1(k + 1)(α
k+2
k+1 +
k
4k−2
αk+1k+1)]
2(k+1)
k+2
+ βk+1
k + 1
24k2−k+1
(αk+2k+1 +
k
4k−2
αk+1k+1) +
1
28k2+7k+2
(kγk+1 + 2
k+3).
With βk+1 and γk+1 chosen this way we have
(∂t −∆)Φk+1 ≥ −
Φ2k+1
vk
+ vk+2
everywhere on {(x, t)|x ∈ B(x0, t, r2k ), t ∈ (0, T ]} in the constructive comparison
sense.
Note that near the parabolic boundary of PB r
2k
(x0, T ) we have Fk+1 < Φk+1.
Using the maximum principle we get that Fk+1 ≤ Φk+1 everywhere on {(x, t)|x ∈
B(x0, t,
r
2k
), t ∈ (0, T ]}, and in particular,
1
2k−1
bk+1Ak+1a
2|∇k+1u|2 ≤ βk+1
αk+1k+1r
2(k+1)
( r
2
4k
− s2)2(k+1) + γk+1
1
tk+1
.
On PB r
2k+1
(x0, T ) \ {(x, 0)|x ∈M} we have s ≤ r2k+1 and r
2
4k
− s2 ≥ 3
4k+1
r2, and the
result follows by our choice of bk+1. ✷
Remark In the statement of Theorem 2.1, if we assume in addition |∇iRm| ≤
1
r2+i
for 1 ≤ i ≤ k − 2 and |∇iu| ≤ a
ri
for 1 ≤ i ≤ k at t = 0 in B(x0, 0, r),
then we have |∇ku| ≤ Ck ark on PB r2k (x0, T ), because in this case we can choose
βk+1Ψ
k+1
k+1 instead of Φk+1 as the (space-time) comparison function with the aid of
Lu’s modified Shi estimates (actually the version of Lu’s estimates we need is in
[H13]).
Of course we can state Theorem 2.1 for all k ≥ 1 and use Theorem 1.1 instead
of Theorem 1.2 as the beginning of the induction, so the proof of Theorem 1.2 can
be omitted. But we prefer to reserve it since it serves as a guide for the proof
of Theorem 2.1. Note also that in the conclusion of Theorem 2.1 we can replace
PB r
2k
(x0, T ) by PB r
2
(x0, T ).
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3 Some applications of Theorems 1.1 and 1.2
Using Theorem 1.1 we can extend an estimate in Theorem 3.3 in Zhang [Z06] and
Theorem 5.1 in Cao-Hamilton [CH] to a more general situation.
Proposition 3.1. (cf. Zhang [Z06], Cao-Hamilton [CH]) Let (M, (g(t))t∈(0,T )) be
a complete solution to the Ricci flow with bounded Ricci curvature on any compact
time subinterval. Let 0 < u ≤ a be a solution to the heat equation ∂tu = ∆g(t)u
coupled to the Ricci flow on M × (0, T ), where a is a positive constant. Then
|∇u(x, t)|
u(x, t)
≤
√
1
t
√
ln
a
u(x, t)
on M × (0, T ).
Proof. Compare the proof of Lemma 6.3 in [CTY]. Clearly we can assume that
T < ∞; otherwise we only need to restrict to every finite time subinterval (0, T ′).
Then using Theorem 1.1 and a standard trick (cf [H93], [B]) we can reduce the
proof in the general case to the case that g(t) extends smoothly up to t = 0 with
sup(x,t)∈M×[0,T ] |Ric| < ∞ and sup(x,t)∈M×[0,T ] |∇u| < ∞. The reason is as follows:
Fix (x0, t0) ∈ M × (0, T ). Choose a small ε > 0 such that t0 ∈ (ε, T − 2ε). By
assumption
sup
(x,t)∈M×[ ε
2
,T−ε]
|Ric| <∞
and 0 < u ≤ a. By Theorem 1.1 we have
sup
(x,t)∈M×[ε,T−ε]
|∇u| <∞.
Let g˜(t) = g(t + ε) and u˜(t) = u(t + ε), t ∈ [0, T − 2ε]. Note that g˜(t) is also a
solution to the Ricci flow, and u˜(t) is also a solution to the heat equation coupled
to the Ricci flow g˜(t). Now sup(x,t)∈M×[0,T−2ε] |R˜ic|g˜(t) < ∞, 0 < u ≤ a, and
sup(x,t)∈M×[0,T−2ε] |∇g˜(t)u˜|g˜(t) <∞. Suppose in this case we have
|∇g˜(t)u˜(x, t)|g˜(t)
u˜(x, t)
≤
√
1
t
√
ln
a
u˜(x, t)
, t ∈ (0, T − 2ε].
In particular the above inequality holds at (x0, t0). Now letting ε → 0 we get the
desired inequality.
Now let v = u + δ, where δ is a positive constant. Then δ ≤ v ≤ a + δ is
a solution to the heat equation coupled to the Ricci flow with bounded gradient.
Now as in [Z06] and [CH] we have
(
∂
∂t
−∆g(t))(t |∇v|
2
v
− v ln a+ δ
v
) ≤ 0, t ∈ [0, T ].
Since δ ≤ v ≤ a+δ and supM×[0,T ] |∇v| <∞, we have sup(x,t)∈M×[0,T ] t |∇v|
2
v
<∞
and supM×[0,T ] v ln
a+δ
v
< ∞. We also have sup(x,t)∈M×[0,T ] |Ric| < ∞. So with the
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help of Bishop-Gromov volume comparison theorem, by the maximum principle
(Theorem 12.22 in [C+]) we have
t
|∇v|2
v
− v ln a + δ
v
≤ 0
everywhere, since it is true when t = 0. Now letting δ → 0 and we are done. ✷
Remark Theorem 3.3 in [Z06] is stated for complete manifolds and does not
impose any curvature bound, but Theorem 6.5.1 in [Z11] assumes the curvature is
uniformly bounded. In both places the details on justifying the use of the maximum
principle are not supplied. Moreover, our statement is slightly more general than
that in Theorem 6.5.1 of [Z11] in that we do not assume the Ricci flow is defined at
t = 0, so in our case the curvature is not necessarily uniformly bounded. Actually
we only assume the Ricci curvature is bounded on any compact time subinterval.
Using Theorems 1.1 and 1.2 we also extend Lemma 3.1 in Bamler-Zhang [BZ]
to the noncompact case.
Proposition 3.2. Let (M, (g(t))t∈(0,T )) be a complete solution to the Ricci flow
with bounded curvature on any compact time subinterval. Let 0 < u ≤ a be a
solution to the heat equation ∂tu = ∆g(t)u coupled to the Ricci flow on M × (0, T ),
where a is a positive constant. Then
(|∆u|+ |∇u|
2
u
− aR)(x, t) ≤ Ba
t
on M × (0, T ),
where the constant B depends only on the dimension.
Proof. As before we can assume that T <∞. Then as in the proof of Proposition
3.1 we can reduce the proof in the general case to the case that g(t) extends
smoothly up to t = 0 with sup(x,t)∈M×[0,T ] |Rm| < ∞ and sup(x,t)∈M×[0,T ] |∇ku| <
∞, k = 1, 2: Fix (x0, t0) ∈ M × (0, T ). Choose a small ε > 0 such that t0 ∈
(ε, T −2ε). By Theorem 1.1 and Theorem 1.2 we have sup(x,t)∈M×[ε,T−ε] |∇ku| <∞
for k = 1, 2. Let g˜(t) = g(t + ε) and u˜(t) = u(t + ε), t ∈ [0, T − 2ε]. Then
sup(x,t)∈M×[0,T−2ε] |R˜m|g˜(t) < ∞, sup(x,t)∈M×[0,T−2ε] |∇kg˜(t)u˜|g˜(t) < ∞ for k = 1, 2.
Suppose in this case we have
(|∆g˜(t)u˜|+
|∇g˜(t)u˜|2g˜(t)
u˜
− aR˜)(x, t) ≤ Ba
t
, t ∈ (0, T − 2ε],
where the constant B depends only on the dimension. In particular the above
inequality holds at (x0, t0). Now letting ε→ 0 we get the desired inequality.
Also note that by the same trick of replacing u by u + δ and letting δ → 0 as
in the proof of Proposition 3.1 we can assume that u ≥ δ > 0.
By rescaling we may assume that a = 1. Let L1 = −∆u+ |∇u|
2
u
−R, and choose
B > 0 with B+e
−2
B2
= 1
n
, then as in the proof of Lemma 3.1 in [BZ], we have
(
∂
∂t
−∆g(t))(L1 − B
t
) ≤ −1
n
(L1 +
B
t
)(L1 − B
t
)
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for t ∈ (0, T ].
Now given any ε > 0, C > 0, let ϕ(x, t) = εeAtf(x) be a positive function as
in the proof of Lemma 5.2 in [H93], which satisfies f(x) → ∞ as x → ∞ and
( ∂
∂t
−∆g(t))ϕ > Cϕ. So we have
(
∂
∂t
−∆g(t))(L1 − B
t
− ϕ) ≤ −1
n
(L1 +
B
t
)(L1 − B
t
)− Cϕ (3.1)
for t ∈ (0, T ]. We claim L1 − Bt − ϕ < 0 for t ∈ (0, T ]. Note that this is true for
t > 0 sufficiently small by our assumption on |Rm|, u and |∇ku|, k = 1, 2. Suppose
it is not true for some large t. Then there exist the first time t0 and a point x0 such
that L1(x0, t0)− Bt0 − ϕ(x0, t0) = 0 since f(x)→∞ as x→∞. Now at (x0, t0) we
have ∂
∂t
(L − B
t
− ϕ) ≥ 0, and ∆(L − B
t
− ϕ) ≤ 0. This contradicts (3.1), since at
(x0, t0) the RHS of (3.1) < 0. Now letting ε→ 0 we get L1 ≤ Bt .
Let L2 = ∆u +
|∇u|2
u
− R, and choose B > 0 with B−1 + 1+ 4n
e2
B−2 = 1
2n
. As in
the proof of Lemma 3.1 in [BZ] we have
(
∂
∂t
−∆g(t))(L2 − B
t
) ≤ − 1
2n
(L2 +
B
t
)(L2 − B
t
)
for t ∈ (0, T ]. Arguing as above we get the desired inequality for L2. ✷
4 Perelman’s W-entropy on noncompact mani-
folds
Now as in for example [Ku1], [Z12b], [RV] and [L], we consider Perelman’s W-
entropy (see [P])
W (g, v, τ) =
∫
M
[τ(4|∇v|2 +Rv2)− v2 ln v2 − n
2
(ln 4piτ)v2 − nv2]dg
on a complete noncompact Riemannian manifold (M, g) of dimension n, where
v ∈ W 1,2(M, g), τ > 0 is a parameter, and dg denotes the volume element of the
metric g as in [Z12b]. Note that by Theorem 3.1 in [He], W 1,2(M, g) = W 1,20 (M, g).
Let
µ(g, τ) = inf{W (g, v, τ) | v ∈ C∞0 (M), ||v||L2(M,g) = 1}.
For (M, g) with Ricci curvature bounded below and injectivity radius bounded
away from 0, we have that µ(g, τ) is finite; for a proof see for example [RV].
The following proposition is a slight improvement of some results in [Ku1],
[Z12b] and [L] which in turn extend the entropy formula in Perelman [P] to the
noncompact case. The improvement is partially on lowering the order of derivatives
of the curvature tensor which are required to be uniformly bounded to guarantee
the equality (4.1) below, compare Corollary 4.1 in [Z12b], and for (4.1) we also need
not the condition on the injectivity radius which is imposed in [Z12b]. Moreover we
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allow the function vT below with slightly less constraints. Note that in the proof of
Theorem 16 in [Ku1] Kuang only considers vT with compact support; see Remark
17 there. The vT considered in Corollary 4.1 in [Z12b] is also very special. We also
clarify a key point in the proof of Theorem 16 in [Ku1].
Proposition 4.1. (cf. [Ku1], [Z12b] and [L]) Let (M, g0) be a complete noncom-
pact Riemannian manifold with bounded curvature such that supM |∇Rmg0 | < ∞
and supM |∇2Rmg0 | < ∞. Let (M, (g(t))t∈[0,T ]) be the complete solution to the
Ricci flow with supM×[0,T ] |Rm| < ∞ and with g(0) = g0. Let vT ∈ C∞(M) with
|vT (x)| ≤ Ae−adT (x,x0)2 for any x ∈ M and
∫
M
v2Tdg(T ) = 1, where A and a are
positive constants, and x0 is a fixed point in M . Assume that u is the solution to
the conjugate heat equation coupled to the Ricci flow, ut + ∆g(t)u − Ru = 0, with
u(x, T ) = vT (x)
2. Let v(x, t) =
√
u(x, t) and τ(t) = T − t for t ∈ [0, T ). Then
W (g(t), v(·, t), τ(t)) is finite and
d
dt
W (g(t), v(·, t), τ(t)) = 2τ(t)
∫
M
|Ric−Hess lnu− 1
2τ(t)
g(t)|2udg(t) (4.1)
for t ∈ [0, T ). Consequently if we assume in addition that the injectivity radius of
g0 is bounded away from 0, we have
µ(g(t1), τ(t1)) ≤ µ(g(t2), τ(t2))
for 0 ≤ t1 < t2 < T .
Proof In the proof below we need supM×[0,T ] |∇Ric| <∞ and supM×[0,T ] |∆R| <
∞ in addition to supM×[0,T ] |Rm| < ∞, which is implied by our assumptions via
Lu’s modified version (see [LT]) of Shi’s derivative estimates.
Now let vT and u be as in the statement of Proposition 4.1. As in [P] (see also
[Z12b]) let
P (u) = τ(−2∆u + |∇u|
2
u
+Ru)− u lnu− n
2
(ln 4piτ)u− nu.
By Proposition 9.1 in [P] we have
H∗P (u) = 2τ(t)|Ric−Hess lnu− 1
2τ(t)
g(t)|2u, (4.2)
where H∗ = ∆− R + ∂t.
Below we will analyse each term in P (u). As in [Z12b] let G(x, t; y, T ) denote
the fundamental solution of the conjugate heat equation coupled to the Ricci flow.
Using Corollary 5.6 in [CTY] (see also Corollary 26.26 in [C+10]) we have
G(x, t; y, T ) ≤ α
|B(y, t,
√
T−t
2
)|g(t)
e−β
dt(x,y)
2
T−t
16
for t ∈ [0, T ), and α and β are positive constants independent of x, y and t. On
the other hand, by [CLY] |B(y, t,
√
T−t
2
)|g(t) has at worst linear exponential decay
as y goes to infinity, that is,
|B(y, t,
√
T − t
2
)|g(t) ≥ γe−δdt(y,x0),
where x0 is a fixed point in M , γ and δ are positive constants independent of y,
and δ is also independent of x0. Now from the formula
u(x, t) =
∫
M
G(x, t; y, T )u(y, T )dg(T )
we can easily show that u(·, t) also has quadratic exponential decay for any t ∈ [0, T )
as u(·, T ) does; compare Step 1 in the proof of Corollary 4.1 in [Z12b]. It follows
that u lnu also has quadratic exponential decay. Combining this with Theorem 10
in [EKNT] we see that τ |∇u|
2
u
also has this decay. Moreover from (3.27) in [Ku1]
we have
∫
M
∆udg(t) = 0. Using Lemma 4.1 in [CTY] and the decay property of u
and |∇u|
2
u
we see that∫
M
|∆u|dg(t) ≤
∫
M
∆udg(t) + C ≤ C <∞
for each t ∈ [0, T ), where the constant C depends on t, but is uniform in each
closed subinterval [0, T ′] ⊂ [0, T ); compare the proof of Lemma 7.2 in [CTY]. It
follows that ∫
M
|P (u)|dg(t) ≤ C1 <∞ (4.3)
for each t ∈ [0, T ), where the constant C1 depends on t, but is uniform in each
closed subinterval [0, T ′] ⊂ [0, T ).
On pp. 22-23 of [Ku1], by using a family of cutoff functions φk constructed on
pp. 17-18 of [Ku1] Kuang shows that
d
dt
W (g(t), v(·, t), τ(t)) = d
dt
∫
M
P (u)dg(t) (4.4)
when the right hand side makes sense. But note that the second equality in (3.25)
on p. 23 of [Ku1] needs justifications. Here is a way to bypass it. From (4.2) we
have
d
dt
∫
M
P (u)φkdg(t) =
∫
M
2τ |Ric−Hess lnu− g
2τ
|2uφkdg(t)−
∫
M
P (u)∆φkdg(t),
where φk is as mentioned above, and∫ t2
t1
∫
M
2τ |Ric−Hess lnu− g
2τ
|2uφkdg(t)dt
=
∫
M
P (u)φkdg(t2)−
∫
M
P (u)φkdg(t1) +
∫ t2
t1
∫
M
P (u)∆φkdg(t)dt
(4.5)
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for t1, t2 ∈ [0, T ). As in Step 3 in the proof of Corollary 4.1 in [Z12b], with the
aid of (4.3) above and the property of φk on p.18 in [Ku1] and using Lebesgue’s
dominated convergence theorem (for the RHS of (4.5)) and monotone convergence
theorem (for the LHS of (4.5)), we can take limit in (4.5) as k →∞ and get∫ t2
t1
∫
M
2τ |Ric−Hess lnu− g
2τ
|2udg(t)dt =
∫
M
P (u)dg(t2)−
∫
M
P (u)dg(t1).
It follows that
d
dt
∫
M
P (u)dg(t) =
∫
M
2τ |Ric−Hess ln u− g
2τ
|2udg(t)
for any t ∈ [0, T ). Combining this with (4.4) we get (4.1).
The monotonicity of the µ-functional is stated on p. 1847 in [L], but the con-
dition under which it holds is not stated explicitly there. (Note that [L] cites
Theorem 7.1 (ii) in [CTY] which needs assumption (a1) there.) With the ad-
ditional condition on the injectivity radius we know that µ(g(t2), τ(t2)) is finite.
By taking a minimizing sequence of the functional W (g(t2), ·, T − t2) on the set
{v ∈ C∞0 (M) | ||v||L2(M,g(t2)) = 1} and evolving the square of each of its elements
backward under the conjugate heat equation coupled to the Ricci flow, one can
derive the monotonicity of the µ-functional from that of the W -entropy (i.e. the
formula (4.1)) as in the compact case. ✷
Using Proposition 4.1 one can extend the uniform Sobolev inequality along the
Ricci flow on compact manifolds proved by Zhang [Z07] (see also Ye [Y]) to the
noncompact case as in [Ku1] and [Ku2]. By the way, [Ku2] is not available to me;
but see the reviews in MathSciNet and zbMATH. Note that on p. 31 of [Ku1]
Kuang used the minimizer of the W -entropy to derive the monotonicity of the µ-
functional. As pointed out in Zhang [Z12b] the minimizer of the W -entropy on
a noncompact manifold does not always exist. However the monotonicity of the
µ-functional in the situation in [Ku1] holds true; see the proof of Proposition 4.1
above.
Combining this uniform Sobolev inequality along the Ricci flow on noncompact
manifolds (and adapting Step 3 in the proof of Theorem 20 in [Ku1]) and results in
Section 3 one can extend some results in Zhang [Z12a] and Bamler-Zhang [BZ] in-
cluding distance distortion estimates, construction of a cutoff function, heat kernel
estimates, a backward pseudolocality theorem and a strong ε-regularity theorem
for Ricci flow on compact manifolds to the following situation: (M, (g(t))t∈[0,T )),
T < ∞ being a complete solution to the Ricci flow with supM×[0,T ′] |Rm| < ∞
for any 0 < T ′ < T , supM |∇Rmg0 | < ∞ and supM |∇2Rmg0 | < ∞, where the
injectivity radius of the initial metric g0 is bounded away from 0. ( Note that on
p. 411 of [BZ], the equality
∫
∆K(·, t)dgt = 0 for the heat kernel is used. In the
noncompact case, this needs justification; but this can be done by adapting the
18
argument used by Kuang in deriving (3.18) in [Ku1].)
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